In this paper, we study the dynamics of the interaction of a three-photon state and a quantum dot embedded in a semiconductor cavity. In the first place, we consider an ideal cavity in which the effects due to the environment are neglected. Under this conditions, the most important feature of the dynamics is its periodicity, which may be seen on the temporal evolution of the light state. The entanglement dynamics, which is studied through the negativity and the linear entropy, shows a periodic behavior too. On the other hand, when considering the interaction between the cavity and the environment, taking into account both an incoherent pumping and a photon leakage, the dynamics is no longer periodic. Instead, it may be seen that the entanglement reach stationary values, which depend on the incoherent pumping and photon leakage rates. Finally, we discuss the possibility of using this sort of systems for quantum information processing.
I. INTRODUCTION
The light-matter interaction in quantum dots embedded in semiconductor microcavities is an area that has been studied widely in the last few years [1] [2] [3] [4] . Moreover, the experimental realization of this kind of physical system has brought new phenomenology, such as emitters of single photons or bundles of them [5] , and sources of entangled quantum states [6] [7] [8] .
On the other hand, the generation of Fock states containing n photons has been one of the most interesting research areas, since its applications are useful for quantum communication and quantum computation [9] . In particular, generation of Fock states containing three photons may be obtained by means of a process known as spontaneous parametric down conversion (SPDC) [10] [11] [12] [13] [14] , or by means of optic nonlinearities both in self assembled [15] [16] [17] [18] and in organic systems [19] .
Previously, we have shown that a three photon state may be prepared in a semiconductor microcavity [18] . As a consequence, in this paper we study the dynamics of a three-photon state interacting with a quantum dot inside a semiconductor microcavity, focusing on two particular cases: (a) an ideal cavity, in which we neglect all the incoherent processes that could perturb the system, and (b) a real cavity, in which we study the effects of the environment over the three-photon state. To characterized the state of the system, we study the entanglement between the three photon state and the quantum dot as a function of time, by means of both the negativity and linear entropy. Moreover, we study the state of light using the Wigner representation, which to some extent gives us a qualitatively information of the state's density operator.
The rest of the article is organized as follows: in section II, we describe the theoretical model to describe and characterize the quantum state as well as its dynamics. Then, in the section III we justify the range of parameters used to compute the results and proceed to present and discuss the results. Finally, in the section IV we provide an overview of the results and conclude.
II. THEORETICAL MODEL
The system under consideration is composed by a quantum dot interacting with a three photon state of light inside a semiconductor microcavity. In the theoretical model used, we consider that most of the the electronic levels of the quantum dot are off-resonant with the electromagnetic mode, so the energy structure of the quantum dot may be reduced to two levels: its ground state and an excited state. Moreover, the three photon state is introduced into the cavity by processes of incoherent excitation pumping as well as incoherent photon leakage.
The state considered in this paper is a quantum state made of the superposition of Fock states containing 3n photons. In general, this sort of states may be written in the following way:
Nevertheless, we constraint our study to the first two terms in the previous equation (1):
where β is a free parameter characterizing the state, and its a complex number. The amplitude and phase of the parameter are associated to the shape and orientation of the Wigner representation of the state in the phase space.
II.1. Description of the Hamiltonian
The interaction between a mode of the electromagnetic field and a two-level system is described by the Jaynes-Cummings model [20] . The Hamiltonian used to described our system is (we take = 1 along the paper):
Here ω a and ω σ are the electromagnetic mode frequency and transition frequency of the two-level system, respectively. Furthermore, we have introduce the ladder operators for both the two-level system (σ and σ † ) and the arXiv:1310.2677v2 [quant-ph] 11 Jun 2014 electromagnetic field (a and a † ). The former follows the Fermi statistics and describes the transitions between the base and excited state of the two-level system, whereas the latter describes the usual boson creation and annihilation processes. At last, the third term in eq. (3) describes the interaction between the quantum dot and the electromagnetic field, where g is the dipole coupling constant.
II.2. Master equation
The temporal evolution of the system is described by the master equation in the Lindblad form:
Here, the first term correspond to the dynamics in an ideal cavity (without incoherent processes, or losses of any kind), and H is the Hamiltonian given in eq. (3).
The second term describes an off-resonant pumping of excitation, and the last term takes into account the cavity losses. The parameters P and κ are the rate at which the two-level system has a transition from its base state towards its excited state, and the rate at which the cavity losses one photon, respectively.
II.3. Measurement of the entanglement
We study the entanglement between the three-photon state and the quantum dot using the negativity and the linear entropy. The former was proposed in [21] , and is based on the Peres' criteria [22] , which proved the required conditions that any density operator should satisfy in order to be separable. Later on, Horodecki et al. showed that the Peres' criteria was a sufficient condition for separability in systems whose Hilbert space has dimensions either 2 ⊗ 2 or 2 ⊗ 3 [23] . Otherwise, the negativity fails to quantify the entanglement, but allows us to witness it (the negativity tells us that the system is entangled, but does not tells us how much entanglement there is).
The negativity is computed in the following way,
where ρ
T1
is the trace norm of the density operator ρ T1 , which is the result of the partial transposition of the subsystem 1 in the density operator ρ.
On the other hand, the linear entropy has been studied in systems composed of two qubits, and has proven to be a good entanglement quantifier [25] [26] [27] . Nevertheless, when considering dissipative processes into the system's dynamics, the linear entropy behaves as a witness and no longer quantifies the entanglement.
The linear entropy is defined as follows,
where Tr i is the partial trace over the subsystem i and ρ 2 is the reduced density operator, which is the result of tracing out the subsystem 1 from the system's density operator; that is,
II. 4 
. The Wigner representation
The Wigner representation allows us to establish qualitatively whether a state is quantum or not. The Wigner representation in the phase space is positive-definite for classical states, so that negative values of the Wigner function are indicators of quantumness of the states. Furthermore, if the state under consideration in a superposition of other states, then the Wigner representation allows to observe the interference between those states, and if any of the state's quadrature is squeezed [28] [29] [30] .
The Wigner representation is defined as,
where D (α) is the displacement operator, α = x+ip with x and p the phase space axis, ρ is the density operator describing the state under study, and P = exp iπa † a is the parity operator.
III. RESULTS AND DISCUSSION

III.1. Election of the parameters
Our model has several parameters, so its paramount to establish the range of values in which we are going to do the study. The coupling energy between the quantum dot and the electromagnetic field is usually of the order of the meV, so we take g = 10 ps −1 . On the other hand, in systems of semiconductor cavities the energies of both the quantum dot and the electromagnetic field are of the order of 1 eV. Therefore we take ω a = 1eV y ω σ = (ω − ∆), where ∆ is known as the detuning, and is usually or the order of the meV. Since this detuning is small compared to the transition energies, in this paper we restrict ourselves to the perfect resonance; i.e. ∆ = 0. Moreover, since we are studying the system under the low-excitation regime, the rate of incoherent excitation pumping P varied between zero and 3 ps −1 , whereas the cavity losses κ ranged between zero and 6 ps −1 . Finally, since in [18] was shown that the three photon state, as the one in eq. (2) may be prepared inside the cavity, we take the parameter β = 0.9, and set the initial condition of the system as, In the left panel we present the temporal evolution of the parameter β for the quantum dot initially in its excited state. It is clear that the system has a periodic behavior. In the right panel we present the Wigner function and the population of the light's density operator, which verify the periodicity of the system's temporal evolution. In this case, the dipole coupling energy is g = 10 ps −1 , and the temporal period is approximately 313.1 ps.
where |g (|e ) is the ground (excited) state of the twolevel system, and | * is the three photon state given in eq. (2).
III.2. Ideal cavity
In order to establish the characteristics of the dynamics due to the coherent evolution (i.e. due to the Hamiltonian) and those due to the incoherent evolution (i.e. due to the dissipative processes), we first consider an ideal cavity in which the system is note perturbed in any form by the environment. On the other hand, since the state of light of our system is fully characterized by the parameter β, we study its temporal evolution.
In the left panel of fig. (1) we present the behavior of β as a function of time, corresponding to an initial state given by eq. (9) 
FIG. 4.
In the left panel we observe the negativity with a fixed photon leakage rate κ = 6 ps −1 , for several excitation pumping rates. We observe that although increasing the excitation pumping rate makes the system get maximally entangled faster, the entanglement maximum is lower. Furthermore, in the right panel we present the negativity with a fixed excitation pumping rate P = 0.5 ps −1 and several photon leakage rates. We observe a series of damped oscillations between entangled and separable states, noticing that the damping rate increases as the κ becomes larger.
its minimum when the probability of having a vacuum Fock state is equal to zero. Thus, the periodicity of β is associated to the periodicity of the state of light.
In this way, for a dipole coupling energy of g = 10 ps −1 , the the period of the amplitude of the parameter β is: a) T ≈ 180 ps for the quantum dot initially in its ground state, and b) T ≈ 313.1 ps for the quantum dot initially in its excited state. The values of the periods can be checked in the right panels of the fig. (1) and fig.  (2) , respectively.
On the other side, we are interested in the degree of entanglement between the electromagnetic field and the quantum dot. We investigate such quantity using the linear entropy and the negativity. In the figure (3) we show the entanglement dynamics considering the system's initial condition given by eq. (9), with θ = 0 (left panel) and θ = π/2 (right panel). In the first place, we notice that the negativity maxima coincide with the time intervals for which the state of light is a three-photon state; and that an analogous behavior is shown by the linear entropy. Nevertheless, for the quantum dot initially in its excited state, the linear entropy has a local minimum in the middle of two consecutive negativity minima. The linear entropy's local minimum is associated to a zero probability of having the Fock state with n = 0 in the state of light.
III.3. Real cavity: dissipative dynamics
The exposure to the environment and the external manipulation of the system produces the destruction of some of its properties, for example the periodical behavior. Moreover, using a specific set of parameters the system reaches an stationary state, which could be useful to recover the initial state and thus information about the original system.
Since the dynamical evolution is no longer expected to be periodic, the study of the parameter β as a function of time is not as important as in the previous section. Nonetheless, the entanglement witnesses contain interesting information about the physical systems. Therefore, in this section we focus on the dynamics of those quantities as a function of the incoherent excitation pumping rate and photon leakage rate.
In the left panel of figure (4) we present the behavior of the negativity as a function of the excitation pumping rate, keeping the photon leakage rate constant at κ = 6 ps −1 . In the first place, we observe that the negativity reach an stationary value, which implies that the observed behavior is independent of the system's initial state. On the other side, we notice that by increasing the values of P the negativity reaches its maximum faster but the value of the maximum is also reduced.
The study of the dynamical behavior of the entanglement witnesses as a function of the photon leakage rate is shown in the right panel of figure (4). We notice that at certain time intervals the negativity becomes zero, and then takes positive values again. This phenomena is usually refer to as entanglement sudden death and has been observed in Jaynes-Cummings-like systems [31] [32] [33] . Furthermore, we observe that both the value at the negativity maxima and the number of negativity revivals diminishes as the photon leakage rate κ increases.
IV. CONCLUSIONS
In this paper we study the dynamical behavior of a quantum state of light, known as a three-photon state, interacting with a quantum dot inside a cavity. In the first place we analyze the temporal evolution of the system inside a perfect cavity; i.e. neglecting all incoherent processes. Thus, we observe a periodic evolution, which depends strongly on the quantum dot's initial condition. Likewise, the negativity and linear entropy have a periodic behavior, which period matches the one of the system's evolution.
Furthermore, we investigate the temporal evolution of the system considering a cavity with dissipative processes; such as an incoherent excitation pumping rate and the leakage of photons out of the cavity. Keeping the excitation pumping rate constant, we observe time intervals for which the entanglement vanishes.
Finally, we report that although the system is quite interesting because it can readily be prepared in a semiconductor microcavity, the environment destroys the entanglement between the three photon state and the quantum dot in a time scale too small for the system to be useful for quantum information processing.
